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Abstract: In recentyearsmary authorshave stressedheinterestof the Bayesian
predictveapproacHor designing“how mary subjects?”andmonitoring(“when
to stop?”) experiments.The predictive distribution of a teststatisticcanbe used
to include and extend the frequentistnotion of power in a way that hasbeen
termedpredictive power or expectedpower. More generallyBayesiarpredictive
proceduregive theresearchea very appealingnethodto evaluatethe chances
thatthe experimentwill endup showving a conclusve result, or on the contrary
anon-conclusieresult. The predictioncanbe explicitly basedon eitherthe hy-
pothesesisedto designthe experiment,expressedn termsof prior distribution,
or on partialavailabledata,or on both.
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1. INTRODUCTION

A major strengthof the Bayesianparadigmis the easewith which onecanmake predic-
tions aboutfuture obsenations. The predictive ideais centralin experimentalinvestiga-
tions. FurthermoreBayesianpredictive probabilitiesare efficient tools for designingand
monitoringexperiments Bayesiarpredictive proceduregjive theappliedresearcheavery
appealingnethodto evaluatethe chanceghat an experimentwill endup shaving a con-
clusiveresult,or onthe contrarya non-conclusteresult(seee.g.,Berry, 1991;Lecoutreet
al., 1995; Dignametal., 1998). Theseproceduresarefar moreintuitive andmuchcloser
to thethinking of scientistshanfrequentistorocedures.

I shall limit my presentatiorto simple inferential problems,in orderto emphasize
conceptuabnd methodologicaratherthantechnicalissues. However it shouldbe clear
thatmorecomplex problemscouldbehandledwith the sameapproachTwo exampleswill
sene asillustration of the procedures.The first exampleconcernghe inferenceabouta
proportion.It will seneto contrasthe Bayesiamapproachwith thefrequentistprocedures
currentlyin use. The secondexampleconcernghe inferenceabouta differencebetween
two means.
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2. INFERENCEABOUT A PROPOR'ION
2.1.Examplel

As it is well known, the correctfrequentistinterpretatiorof p-valuesis so unnaturakthatit
seems losing battleto attemptto teachit. Nevertheless frequentistcolleagueof mine
claimedthathe developedanindividual teachingmethodthatyieldeda high rateof correct
interpretationsWe agreedhatthis methodwaseffectiveif theerrorrateafterteachingvas
lessthan0.15,andthatit wasineffectiveif theerrorratewasgreaterthan0.30.

My prior probability that the methodwasineffective was so high that| thoughtun-
necessaryo collectdata. Of coursemy colleaguewas uncorvincedby this blatantsub-
jectivism anddesignedan experimentwithin the traditionalNeyman-Pearsoframenork.
He consideredhe null hypothesisHy : ¢ = o = 0.30. He designeda one-sidedixed
samplebinomialtestwith specifiedTypel errorprobabilitya = 0.05 andpower 8 = 0.80
atthe alternatve H,: ¢ = ¢; = 0.15. The associatecsamplesizewasn = 59. For
n = 59, the binomial testrejectsHy at level 0.05if the numberof errorsa is lessthan
12. Notethat,dueto thediscretenesef thedistribution, theactualerrorrateis only 0.035:
Pr(a < 12| Hp : ¢ = 0.30) = 0.035. Similarly, the actualpower is greaterthan0.80:
Pr(a < 12| H;y : ¢ =0.15) = 0.834.

I corvincedmy colleaguethatit would be preferableto stopthe experimentasearly
aspossibleif the methodwaslikely to be not effective. Consequentijhe plannedan in-
terim analysisafter 20 subjectshave beenincluded. SincethetraditionalNeyman-Pearson
framework requiresspecificatiorof all possibilitiesin advance hedesignedstochastically
curtailedtest.

Thenotationsaresummarizedn thefollowing table.

Numberof
errors successes Samplesize
Currentdataatinterim stage ay n; — ag ny =20
Futuredata as Nng — As ne = 39
Completedata a=ai+as n—a n =59

2.2. StotasticallyCurtailed Testing

The ideaof stochastiacurtailmentis a direct extensionof the ideaof simple curtailment
(Alling, 1963)wherebyanexperimentcould be stoppedassoonastheresultis inevitable.
Stochasticcurtailmentsuggestghat an experimentbe stoppedat an interim stagewhen
the availableinformationdetermineghe outcomeof the experimentwith high probability
undereither Hy or H;. The“conditionalpower” atinterim analysisis definedasthe prob-
ability, given ¢ andthe available data,that the testreject Hy at the plannedtermination.
Lan etal. (1982)arguethatthe procedurecanbe usedformally asa stoppingrule. At in-
terim analysisterminationoccursto reject H if the conditionalpower at point ¢q is high,
formally if it is greatetthana specifiedconstanty betweerD.5and1. In ourexample,even
if no errorhasbeenobsenedafter20 obsenations the conditionalprobability of rejecting
H, atthe plannederminationis Iessthan%:

Pr(a < 12|p =0.30anda; = 0) = Pr(az < 12|¢ = 0.30) = 0.482 < 0.50.
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Similarly, earlyterminationmay be allowedto acceptHj, if the conditionalpower at point
o1 is lessthan1 — 4/, where~' is anotherspecifiedconstantbetween0.5 and 1. For
instance|f eighterrorshave beenobsened after 20 obsenationsandif ' = 0.80 , this
rule suggeststoppingandacceptingHy:

Pr(a < 12| ¢ =0.15anda; = 8) = Pr(az < 4|¢ = 0.15) = 0.143 < 0.20.

A criticism addressetb this procedurds thatthereseemdittle pointin consideringa pre-
diction which is basedon hypotheseshatmay be no longerfairly plausible.For instance,
the stoppingcriterionfor stoppingto reject Hy involvesthe probability conditionalon ¢,
avalueof ¢ whichis not supportedy the availabledata.In factthe proceduragnoresthe
knowledgeabouty accumulatedby thetime of theinterim analysis.

2.3. ThePredictivePower Approadc

Many authorshave adwocatedcalculatingthe “predictive power”, averagingconditional
power over valuesof ¢ in a Bayesiancalculation(seee.g.,Herson,1979; Spiegelhalter
etal., 1986). We areled to a Bayesianapproachhut still with a frequentisttestin mind.
Formally, the predictionusesthe posteriordistribution of ¢, given a prior and the data
availableattheinterim analysis.

For the inferenceabouta proportion, the calculationsare particularly simple if we
choosea conjugateBetaprior distribution (Lecoutreetal., 1995):

Prior: o ~ Betdag, bo)
Interim posterior: ¢ |a; ~ Betaag + a1,by + n1 — ay)
Predictve: ay | a1 ~ Binomial-Betdag + ay,bg + ny — ag;ng)

A vagueor noninformatveprior is generallyconsideredHere,l have retaineda Betaprior
with parametergay = 1 andby, = 0. This choiceis consistenwith the testprocedure.l
shalladdresghis issuein moredetailslater.

In thecurrentexample for a; = 0, themaminal predictive probabilityof rejectingH,
atthe plannederminationis 0.997:

Pr(a <12|a1 =0) = Pr(as < 12]a; = 0) = 0.997.
This probabilitytakesinto accounthe availabledataandis with no surprisdargely greater
thanthe probability conditionalon ¢¢ = 0.30 (0.482).

As with the conditionalapproachjt hasbeenarguedthat the predictive power can
be usedformally asa stoppingrule. If the samecriterionsareused,therule is obviously
lessconserative. But, sincethe predictive power approachs a “hybrid” one,it’s most
unsatiséctory In particularit doesnot give us direct Bayesianinformationabouty such
ascouldbe providedby a credibleinterval.

2.4. Reverse StotasticCurtailing

Thereversestochasticurtailingapproachasbeensuggestethy Jennisor(1992).1t seems
theultimatefrequentistittempto circumwenttheBayesiarpredictive probabilities.Indeed,
in somecircumstancegarameteifreestatementsanbe obtainedby consideringhesam-
pling probability of the currentdatagiventhefinal data(Tanetal., 1998).In our example,
it canbeeasilyverifiedthatthis probabilitydoesnt involve ¢:

Pr(a; | anda) = (") (""™) /(%)

a1’/ \a—a1
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A stoppingule canbebasednthefollowing hypothetico-deductiereasoning(1) con-
siderthe hypothesighatthefinal testdoesnt rejectHy; (2) underthis hypothesiscompute
the samplingprobability of at leastasextremedatathatthe currentdata;(3) if this proba-
bility is small(lessthan1 — «), rejectthe hypothesighatthefinal testdoesnt rejectHy...
andrejectHy.

For instancdan ourexample,if a; = 2, we get:

supa>12Pr(a; > 2| ¢ anda) = Pr(a; > 2| ¢ anda = 12) = 0.141.
A not really surprisingresultis that this probability is equalto the Bayesianpredictive

probability that the final testdoesnt reject Hy giventhe currentdata(againfor the prior
Betg1,0)),i.e. here:

Pr(a>12|a; = 2) = Pr(ay > 10| a; = 2) = 0.141.

Then,for aone-sidedest,thestoppingruleis exactly thesameasobtainedn thepredictive
power approach.

2.5. TheBayesiamAnalysis

Thetroublewith all theabove approachess thatadecision(to acceptH, or to acceptH)
is takenatthefinal analysigor eventuallyataninterim analysis) gvenif the obseredpro-
portionfallsin theno-decisiorregion[0.15, 0.30]. For example,if theobsenedproportion
is0.19(11 out59) H, is rejected andif this proportionis 0.20(12 out59) Hy, is accepted.
But thisdoesnt meanthatonehasprovedrespectiely the efficacy andtheinefficagy of the
teaching.

What a researchworker actually needsis to evaluateat ary stageof the experiment
the probability of somespecifiedregions of interestand the ability of a future sample
to supportand corroboratefindings alreadyobtained. The Bayesiananalysisaddresses
theseissues. Bayesianmethodologyenableghe probabilitiesof the prespecifiedegions
of interestto be obtained. Suchstatementgive straightanswergo the questionof effect
sizesand have no frequentistcounterpart.lt is usualin experimentalresearcho assume
noninformatve priors, asa studyis expectedto bring evidenceby itself. Indeed,in this
casethe posteriordistribution at interim analysisandthe predictive distribution for future
obsenationsare basedsolely on the data. Furthermorealternatie choicesof priors may
helprefininginference.

As anexampleof interim analysisin our situation,considerthe casewherel0 errors
areobsenedafter20 obsenations.Assumingthe Jefreys’ noninformatve prior ¢ ~ Beta
(%, %) (seeSection2.6 for otherchoices)we gettheinterim posteriorBetg10.5,10.5).In
thiscasdt is verylik ely thattheteachingnethods ineffective: giventhecurrentdata there
is a0.971posteriorprobabilitythaty > 0.30 but only a0.0001probabilitythaty < 0.15.
As a summaryto helpin the decisionwhetherto terminatethe experiment,it is useful
to assesshe predictive probability of confirmingthis conclusion.Herethe conclusionof
inefficacy (¢ > 0.30) will be confirmedwith a posteriorprobability of at least0.95for a
total numberof errorsgreaterthanor equalto 24 out 59. Giventhe currentdata,thereis
about87% chancepf observingsuchavalue.

As anotherexample,if only two errorsareobsenedafter 20 obsenations,we getthe
interim posteriorBeta2.5,18.5).In this caseit is very unlikely thattheteachingmethodis
ineffective: thereis a 0.018interim posteriorprobabilitythat > 0.30. It is muchmore
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likely that the methodis effective (thereis a 0.717 probability that o < 0.15). But no
definite conclusioncanbe drawn at this stage. Moreover, giventhe currentdata,thereis
only about30% chanceof concludingto efficacy with the plannedsamplesize.

2.6. A Brief Commentboutthe Choiceof the Prior Distribution

Many potentialusersof Bayesiammethodscontinueto think thatthey aretoo subjectve to
be scientificallyacceptable However frequentistmethodsarefull of moreor lessad hoc
cornventions.Thusthetraditionalp-valueis basedon the sampleghatare“more extreme”
thanthe obsened data(underthe null hypothesis).But, for discretedata,it dependson
whetherincludethe obseneddataor not. For instancethe usualbinomialtestis consera-
tive. But if the obseneddataareexcluded,thetestbecomediberal. A typical solutionto
overcomethis problemconsistdn consideringa mid-p-value(Berry and Armitage,1995),
but it hasonly ad hocjustifications.

Obviously, in this casethe choiceof a noninformatve prior distribution cannotavoid
cornventions. But the particularchoiceof sucha prior is an exact counterpartof the ar
bitrarinessinvolved within the frequentistapproach. So, in our situation, the obsened
significancelevels of the inclusive and exclusive corventionsare exactly the posterior
Bayesiamprobabilitiesthat ¢ is greaterthanyg respectrely associatedvith the Betg(1,0)
andBetg0,1) priors. The Jefreys’ prior givesanintermediatesaluecloseto the obsened
mid-p-value. Relevant referencesare Bernard(1996), Walley (1996), and Lecoutreand
Charron(2000).

Note againthatwhentheinterim analysissuggests givenconclusion anothetine of
attackis to investigateheimpactof skepticalor handicayprior distributions(Spiegelhalter
etal., 1994). In this way, the experimentwill only stopif the partial datagive sufiicient
evidenceto counterbalancé.

3. INFERENCEABOUT A DIFFERENCEBETWEENMEANS
3.1Example2

Consideragainanexperimentdesignedo testthe efficacy of anew teachingmethod.Two
groups(new methodvs. old method)of 30 subjectseachare compared.The dependent
variableis the numericalscoreto an evaluationtest. The new methodis consideredas
effective if the raw differenced is morethan+3, and ineffective otherwise. An interim
analysigs conductedafter 15 subjectdn eachgrouphave beenincluded.

Table1l. Thefour examplesofinterimresults.

Posteriomprobability

Case d; 1 d<—-3 [6/<3 6>+43 Conclusion
1 +6.07 +3.674 < 0.001 0.037 0.963 effective
2 +6.07 +0.683 0.158 0.208 0.634 nofirmconclusion
3 +1.52 +3.674 < 0.001 0.999 0.001 ineffective

4 +1.52 +0.683 0.026 0.718 0.256 nofirm conclusion

Four examplesof interim resultsareconstructedy crossinghe outcomeof theusual
two-sidedt testof the null hypothesisi = 0 (significant,t; = 3.674, p = 0.001 vs.
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nonsignificant; = 0.683, p = 0.50) andthe obsened meandifference(large,d; = 6.07
vs. small,d; = 1.52). Thesedataare analyzedusing the usualnoninformatve prior
distribution for comparingtwo normalmeanswith equalvariancegseee.g.Box andTiao,
1973). Theresultsaresummarizedn Table1l. HereagainBayesiarstatementbypasshe
shortcomingsf usualnull hypothesissignificancetestsand give straightanswergo the
questionof the investigator Given the interim data,casesl and 3 leadto the respectie
conclusions'effective” and “ineffective”. On the contrary cases2 and4 cannotleadto
firm conclusionsbecausef the greatvariability obsened.

3.2PredictiveProcedues

Let usconsideffirst the questionof predictingthe separateesultsof the secondpartof the
experiment.The notationsaresummarizedn thefollowing table.

obsened t test lower
difference statistic crediblelimit df
First part d1 t 4, q =28
Secondart do to 4, q> = 28
Wholeexperiment d = (d; + d5)/2 t [ q =58

Theoreticakesultsaregivenin Lecoutre(1996,1999). Giventhe datain hand,the predic-
tive distribution for thedifferenced, is agenemlizedt distributionthatdepend®nly ond;
andt;:
do | interimdata~ t,, (d1,2(d1 /t1)?).

Thepredictive distribution for the Students ¢ teststatistict, is adistributionwhich| called
K-prime (seeAppendix):

t2 | interim data~ K{MZ (t1,2) (heregs = ¢4 = 28).
In the sameway the predictive distribution for the 100(1 — «)% Bayesianlower credible
limit involvesa K -primedistribution:

Ly =dy — ‘Z—;tqQ,l_a | interimdata~ d; — ‘ti—llK{M1 (tgs1—a>2)
wheret,, 1 is the (1 — a)-percentileof the standardStudents ¢ distribution with g»
degreesof freedom.Note thatthe predictive distributionsdependonly on d; andt;. This
propertyillustratesthe greatgeneralityof theseformulae. All theseresultscanbe easily
generalizedo future datawith a differentsamplesize.

The final resultsfor the whole datacanbe predictedaswell. The predictive distri-
bution for the final differenced (giventhe interim data)is deducedfrom the predictve
distributionfor ds (sinced = (d; +d2)/2). Thepredictive distributionsfor theteststatistic
t andthe crediblelimit £ evaluatethe chanceghatthe experimentwill endup shoving a
conclusve result,in the light of the obsenationsalreadymade. They arenot availablein
closedform but they canbe easilysimulated.

For eachof the four caseswve cancomputethe predictive probabilitiesof obtaining,
respectiely for the separatalataof the secondpart of the experimentandfor the whole
data:(1) anobseneddifference(resp.d, andd) greateithan+3; (2) aposteriomprobability
of a positive differencegreaterthan 0.95, thatis equialently a significantt testat one-
sidedlevel a = 0.05 (resp.t; > +1.701, 28df andt > +1.672, 58 df); (3) a95% lower
crediblelimit (resp.£, andf) greatetthan+3. Theseprobabilitiesaregivenin Table2.
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Table 2. Predictiveprobabilitiesfor thefour examplesof interimresults

Future dataonly

Case dy t1 PT(d2 > +3) PT(tz > +1701) PT(Ez > +3)
1 +6.07 +3.674 0.900 0.902 0.543
2 +6.07 +0.683 0.596 0.241 0.174
3 +1.52 +3.674 0.009 0.902 < 0.001
4 +1.52 +0.683 0.321 0.241 0.051
Wholedata
Case d t1 Pr(d>+3) Pr(t>+1.672) Pr({>+3)
1 +6.07 +3.674 0.993 0.998 0.819
2 +6.07 +0.683 0.686 0.244 0.120
3 +1.52 +3.674 < 0.001 0.998 < 0.001
4 +1.52 +0.683 0.177 0.244 0.005

The moreimpressve finding is that, for Cases3 and 4, it is very unlikely that the
conclusionof efficacy could be assertedat the end of the study In particularfor Case
3 this might reinforcethe decisionto stopthe experimentsuggestedby the conclusionof
inefficacy obtainedatinterim analysis.lt is enlighteningo contrasthis resultwith thevery
high probability of a significantresultat interim analysisbeingconfirmedwith additional
data.

3.3Evaluatingthe SampleSize

The predictive approactcanalsobe usedto evaluate,at the time of planningexperiment,
if a given samplesizeis appropriatefor demonstratinga given conclusion. When prior
informationis available,in particularfrom a pilot study, the predictive probabilitiesgive a
usefulsummaryto helpin thechoiceof the samplesize.

Bayesiamapproachet samplesizedeterminatiorareespeciallydiscussedn Adcock
(1997) and Josephand Belisle (1997). Josephand Belisle distinguishbetweena fully
Bayesianapproachand a mixed Bayesian-lilkelihood approach. The former utilizes the
prior informationfor boththe derivation of the predictive distribution of the dataandthe
posteriorinference. The latter only usesthe prior informationin orderto evaluatethe
samplesizewhile retaininga noninformative prior for the dataanalysisitself. The above
proceduredor predictingthe separateesultsof the secondoart of the experimentandthe
final resultsfor thewhole datarespectrely applyto thesetwo issues.

4. CONCLUSION

Time’s up to cometo a positive agreementor procedure®f experimentaldataanalysis
thatbypasshecommonmisuse®f null hypothesisignificancaesting,while filling upits
role of “an aid to judgement”which “should not be confusedwith automaticacceptance
tests,or ‘decisionfunctions’ (Fisher 1990/1925pagel28). This agreemenshouldmeet
scientists’requirementsin particularthe needfor objective statement@nd the needfor
proceduresbouteffectsizes.Undoubtedlythereis anincreasingacceptancthatBayesian
inferencecanbeideally suitedfor this purpose.

307



But, unfortunatelythe contribution of Bayesiarinferenceto experimentadataanaly-
sisandscientificreportinghasbeenobscuredy theinsistencef mary authorsor pointing
out the meritsof the subjectve decisiontheoreticBayesianconception.“But the primary
aim of a scientificexperimentis not to precipitatedecisions but to make an appropriate
adjustmenin the degreeto which one acceptspr believes,the hypothesisor hypotheses
beingtested”(Rozeboom1960).

It mustbe emphasizedhat Bayesianprocedure$ave alsoanimportantcontribution
to inferenceanddataanalysis.“A widely acceptedbjective Bayestheory which fiducial
inferencewasintendedto be, would be of immensetheoreticaland practicalimportance.
A successfubbjective Bayestheorywould have to provide goodfrequentistpropertiesn
familiar situations,for instance reasonable&aoverageprobabilitiesfor whatever replaces
confidencentervals” (Efron 1998,pagel06).

Within this perspectie, Bayesiarpredictive probabilitiesarea particularlyusefulde-
vice to communicatewith the investigators.They give thema very appealingmethodto
answeressentiabjuestionssuchas: “how big shouldbe the experimentto have a reason-
able chanceof demonstratinga given conclusion?”;“given the currentdata, what is the
chancethatthe final resultwill bein somesenseconclusve, or on the contraryinconclu-
sive?” Thesequestionsareunconditionalin thatthey requireconsideratiorof all possible
value of parametersWhereadraditionalfrequentistpracticedoesnt addresgsheseques-
tions, predictive probabilitiesgive themdirectand naturalanswer In particularpredictive
procedureganbe usedto illustratethe effectsof planningan experimentwith atoo small
samplesize,andto aid the decisionto abandoranexperimentif the predictive probability
appeargoor.

A fundamentapropertyis thatpredictive probabilitystatementareconditionalonthe
currentdata,andthenvalid independentlyf the stoppingrule. In morecomplex situations
thesestatementsequireheary computationsvhich have long beenanimpedimentto their
use,but arenow easilyaffordable. Predictive proceduresresuitablefor mary issuesfor
instance:planningan experimentfrom a pilot study whosedataare or are not included
in the final analysis;conductinginterim analysegplannedor unplanned);continuingan
experimentbeyondits initially plannederm. Accordingto the situationthe predictioncan
be explicitly basedon eitherthe hypothesesisedto designthe experiment,expressedn
termsof the prior distribution, or on partialavailabledata,or on both.
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APPENDIX: THE K’ DISTRIBUTION
If thethreerealvariablesz, g> andh?, with g andh? independentaresuchthat

2 2
2lg, 1 ~ N (a2, 9202)  g* ~ Xo 2 Xe (950> 0)
h q r

thenz hasthe K’ distribution, with ¢ andr degreesof freedomandwith parametera and
v’: z ~ K .(a,b*). The K’ distribution includesasa particularcasethe noncentralt
distribution (for ¢ = o). b appearsasascalefactor:Ké,r(a,b2) =bK, , (%, 1). Henceit
is sufficientto studythe particularcaseb? = 1.

If z ~ K .(a,1) its probability densityfunctionis definedfor ¢ andr positive real
numbersaandcanbeexpresseds:

309



r41

p(z) = \/;—T,F(%)lp(%) (q—fa"’)i (r::ﬁ) 2 ;

SIS () (a0

From the pdf the cumulative distribution function can be expressedn termsof infinite
seriesof multiplesof incompletebetafunctionratios,leadingto simpleandefficient algo-
rithmsfor numericalcomputationsMore detailsaregivenin Lecoutre(1999).
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