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Abstract: In recentyearsmany authorshavestressedtheinterestof theBayesian
predictiveapproachfor designing(“how many subjects?”)andmonitoring(“when
to stop?”)experiments.Thepredictivedistribution of a teststatisticcanbeused
to include and extend the frequentistnotion of power in a way that hasbeen
termedpredictivepoweror expectedpower. More generallyBayesianpredictive
proceduresgive theresearchera very appealingmethodto evaluatethechances
that the experimentwill endup showing a conclusive result,or on the contrary
a non-conclusiveresult.Thepredictioncanbeexplicitly basedon eitherthehy-
pothesesusedto designtheexperiment,expressedin termsof prior distribution,
or onpartialavailabledata,or on both.
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1. INTRODUCTION

A major strengthof the Bayesianparadigmis the easewith which onecanmake predic-
tions aboutfuture observations. The predictive ideais centralin experimentalinvestiga-
tions. FurthermoreBayesianpredictive probabilitiesareefficient tools for designingand
monitoringexperiments.Bayesianpredictiveproceduresgivetheappliedresearcheravery
appealingmethodto evaluatethe chancesthatan experimentwill endup showing a con-
clusiveresult,or on thecontraryanon-conclusiveresult(seee.g.,Berry, 1991;Lecoutreet
al., 1995;Dignamet al., 1998). Theseproceduresarefar moreintuitive andmuchcloser
to thethinking of scientiststhanfrequentistprocedures.

I shall limit my presentationto simple inferential problems,in order to emphasize
conceptualandmethodologicalratherthan technicalissues. However it shouldbe clear
thatmorecomplex problemscouldbehandledwith thesameapproach.Two exampleswill
serve as illustration of the procedures.The first exampleconcernsthe inferenceabouta
proportion.It will serve to contrasttheBayesianapproachwith thefrequentistprocedures
currentlyin use. The secondexampleconcernsthe inferenceabouta differencebetween
two means.
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2. INFERENCEABOUT A PROPORTION

2.1.Example1

As it is well known, thecorrectfrequentistinterpretationof � -valuesis sounnaturalthatit
seemsa losing battleto attemptto teachit. Neverthelessa frequentistcolleagueof mine
claimedthathedevelopedanindividual teachingmethodthatyieldedahighrateof correct
interpretations.Weagreedthatthismethodwaseffectiveif theerrorrateafterteachingwas
lessthan0.15,andthatit wasineffective if theerrorratewasgreaterthan0.30.

My prior probability that the methodwasineffective wasso high that I thoughtun-
necessaryto collect data. Of coursemy colleaguewasunconvincedby this blatantsub-
jectivism anddesignedanexperimentwithin the traditionalNeyman-Pearsonframework.
He consideredthe null hypothesis���
	���
�����
 ��� ���

. He designeda one-sidedfixed
samplebinomialtestwith specifiedTypeI errorprobability ��
 ��� ���

andpower ��
 ��� ���
at the alternative ��� : ��
�����
 ����� �

. The associatedsamplesizewas !"
 �$#
. For!�
 ��#

, the binomial test rejects ��� at level 0.05 if the numberof errors % is lessthan
12. Notethat,dueto thediscretenessof thedistribution,theactualerrorrateis only 0.035:&('*) %,+ �.-0/ � � 	1�2
 ��� ����3 
 ��� �����

. Similarly, the actualpower is greaterthan0.80:&('*) %�+ �.-0/ � � 	��4
 ����� ��3 
 ��� ���$5
.

I convincedmy colleaguethat it would bepreferableto stoptheexperimentasearly
aspossibleif the methodwaslikely to be not effective. Consequentlyhe plannedan in-
terimanalysisafter20 subjectshavebeenincluded.SincethetraditionalNeyman-Pearson
framework requiresspecificationof all possibilitiesin advance,hedesignedastochastically
curtailedtest.

Thenotationsaresummarizedin thefollowing table.

Numberof
errors successes Samplesize

Currentdataat interim stage % � ! �76 % � ! � 
 -��
Futuredata %98 !�8 6 %98 !�8:
 ��#

Completedata %�
;%���<=% 8 ! 6 % !

 �$#
2.2.StochasticallyCurtailedTesting

The ideaof stochasticcurtailmentis a direct extensionof the ideaof simplecurtailment
(Alling, 1963)wherebyanexperimentcouldbestoppedassoonastheresultis inevitable.
Stochasticcurtailmentsuggeststhat an experimentbe stoppedat an interim stagewhen
theavailableinformationdeterminestheoutcomeof theexperimentwith high probability
undereither ��� or ��� . The“conditionalpower” at interim analysisis definedastheprob-
ability, given � andthe availabledata,that the testreject � � at the plannedtermination.
Lan et al. (1982)arguethat theprocedurecanbeusedformally asa stoppingrule. At in-
terimanalysis,terminationoccursto reject � � if theconditionalpoweratpoint � � is high,
formally if it is greaterthanaspecifiedconstant> between0.5and1. In ourexample,even
if noerrorhasbeenobservedafter20 observations,theconditionalprobabilityof rejecting� � at theplannedterminationis lessthan �8 :&('9) %?+ � -0/ ��
 ��� ���

and %��@
 ��3 
 &('9) % 8 + �.-0/ �A
 ��� ����3 
 ��� 5B��- + ��� �����
���B-



Similarly, earlyterminationmaybeallowedto accept�C� if theconditionalpowerat point�D� is lessthan
� 6 >FE , where >FE is anotherspecifiedconstantbetween0.5 and 1. For

instance,if eight errorshave beenobservedafter 20 observationsandif >GE7
 ��� ���
, this

rule suggestsstoppingandaccepting� � :&('9) %?+ � -:/ ��
 ����� �
and %*�@
 ��3 
 &('*) % 8 + 5H/ ��
 ����� ��3 
 ���I�J5�� + ���K-$���

A criticism addressedto this procedureis thatthereseemslittle point in consideringa pre-
diction which is basedon hypothesesthatmaybeno longerfairly plausible.For instance,
thestoppingcriterionfor stoppingto reject � � involvestheprobabilityconditionalon � � ,
avalueof � which is not supportedby theavailabledata.In facttheprocedureignoresthe
knowledgeabout � accumulatedby thetime of theinterimanalysis.

2.3. ThePredictivePowerApproach

Many authorshave advocatedcalculatingthe “predictive power”, averagingconditional
power over valuesof � in a Bayesiancalculation(seee.g.,Herson,1979; Spiegelhalter
et al., 1986). We areled to a Bayesianapproach,but still with a frequentisttestin mind.
Formally, the predictionusesthe posteriordistribution of � , given a prior and the data
availableat theinterim analysis.

For the inferenceabouta proportion,the calculationsareparticularly simple if we
choosea conjugateBetaprior distribution (Lecoutreet al., 1995):

Prior: �AL Beta
) %B��MONO� 3

Interimposterior: � / %*�@L Beta
) %B�P<Q%��.MRNS�T<4!1� 6 %�� 3

Predictive: %B8 / % � L Binomial-Beta
) % � <Q% � MRN � <=! �T6 % �.U !�8 3

A vagueor noninformativeprior is generallyconsidered.Here,I haveretainedaBetaprior
with parameters% � 
 �

and N � 
 �
. This choiceis consistentwith the testprocedure.I

shalladdressthis issuein moredetailslater.
In thecurrentexample,for %��@
 �

, themarginalpredictiveprobabilityof rejecting�C�
at theplannedterminationis 0.997:&('9) %?+ � -:/ %��7
 �B3 
 &('*) % 8 + � -0/ %��T
 ��3 
 ��� #�#9V9�
Thisprobabilitytakesinto accounttheavailabledataandis with nosurpriselargelygreater
thantheprobabilityconditionalon � � 
 ��� ���

(0.482).
As with the conditionalapproach,it hasbeenarguedthat the predictive power can

beusedformally asa stoppingrule. If thesamecriterionsareused,the rule is obviously
lessconservative. But, sincethe predictive power approachis a “hybrid” one, it’s most
unsatisfactory. In particularit doesnot give usdirectBayesianinformationabout � such
ascouldbeprovidedby a credibleinterval.

2.4.ReverseStochasticCurtailing

Thereversestochasticcurtailingapproachhasbeensuggestedby Jennison(1992).It seems
theultimatefrequentistattempttocircumventtheBayesianpredictiveprobabilities.Indeed,
in somecircumstances,parameter-freestatementscanbeobtainedby consideringthesam-
pling probabilityof thecurrentdatagiventhefinal data(Tanet al., 1998).In our example,
it canbeeasilyverifiedthatthisprobabilitydoesn’t involve � :&('*) % � / � and % 3 
�WYXBZ[ Z \ WYX9]GX�Z[ ] [ Z \.^ W_X[ \ .�����



A stoppingrulecanbebasedonthefollowinghypothetico-deductivereasoning:(1) con-
siderthehypothesisthatthefinal testdoesn’t reject ��� ; (2) underthishypothesis,compute
thesamplingprobabilityof at leastasextremedatathat thecurrentdata;(3) if this proba-
bility is small (lessthan

� 6 > ), rejectthehypothesisthatthefinal testdoesn’t reject � � ...
andreject � � .

For instancein ourexample,if % � 
 -
, we get:`Ja � [ b � 8 &('*) % �(c -0/ � and % 3 
 &('*) % �dc -0/ � and %e
 �.-�3 
 ���I�J5����

A not really surprisingresult is that this probability is equalto the Bayesianpredictive
probability that the final testdoesn’t reject �C� given the currentdata(againfor the prior
Beta(1,0)),i.e. here:&('9) % c � -:/ %��7
 -�3 
 &('*) % 8 c �J�:/ %��T
 -�3 
 �����f5g���
Then,for aone-sidedtest,thestoppingrule is exactlythesameasobtainedin thepredictive
powerapproach.

2.5. TheBayesianAnalysis

Thetroublewith all theaboveapproachesis thatadecision(to accept� � or to accept� � )
is takenat thefinal analysis(or eventuallyataninterimanalysis),evenif theobservedpro-
portionfalls in theno-decisionregion h ����� � M ��� ���ji . For example,if theobservedproportion
is 0.19(11out59) � � is rejected,andif thisproportionis 0.20(12out 59) � � is accepted.
But thisdoesn’t meanthatonehasprovedrespectively theefficacy andtheinefficacy of the
teaching.

What a researchworker actuallyneedsis to evaluateat any stageof the experiment
the probability of somespecifiedregions of interestand the ability of a future sample
to supportand corroboratefindings alreadyobtained. The Bayesiananalysisaddresses
theseissues.Bayesianmethodologyenablesthe probabilitiesof the prespecifiedregions
of interestto be obtained.Suchstatementsgive straightanswersto the questionof effect
sizesandhave no frequentistcounterpart.It is usualin experimentalresearchto assume
noninformative priors, asa studyis expectedto bring evidenceby itself. Indeed,in this
casetheposteriordistribution at interim analysisandthepredictive distribution for future
observationsarebasedsolely on the data. Furthermorealternative choicesof priors may
helprefininginference.

As anexampleof interim analysisin our situation,considerthecasewhere10 errors
areobservedafter20 observations.AssumingtheJeffreys’ noninformativeprior ��L Beta) �8 M �8 3 (seeSection2.6 for otherchoices),we gettheinterim posteriorBeta(10.5,10.5).In
thiscaseit is verylikely thattheteachingmethodis ineffective: giventhecurrentdata,there
is a 0.971posteriorprobabilitythat �,k ��� ���

but only a 0.0001probabilitythat �Q+ ���I�.�
.

As a summaryto help in the decisionwhetherto terminatethe experiment,it is useful
to assessthepredictive probabilityof confirmingthis conclusion.Heretheconclusionof
inefficacy ( �2k ��� ���

) will beconfirmedwith a posteriorprobabilityof at least0.95for a
total numberof errorsgreaterthanor equalto 24 out 59. Given thecurrentdata,thereis
about87%chance,of observingsucha value.

As anotherexample,if only two errorsareobservedafter20 observations,we getthe
interim posteriorBeta(2.5,18.5).In this caseit is veryunlikely thattheteachingmethodis
ineffective: thereis a 0.018interim posteriorprobability that �2k ��� ���

. It is muchmore
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likely that the methodis effective (thereis a 0.717probability that �l+ ����� �
). But no

definiteconclusioncanbe drawn at this stage.Moreover, given the currentdata,thereis
only about30%chanceof concludingto efficacy with theplannedsamplesize.

2.6. A Brief CommentabouttheChoiceof thePrior Distribution

Many potentialusersof Bayesianmethodscontinueto think thatthey aretoo subjective to
bescientificallyacceptable.However frequentistmethodsarefull of moreor lessad hoc
conventions.Thusthetraditional � -valueis basedon thesamplesthatare“more extreme”
thanthe observed data(underthe null hypothesis).But, for discretedata,it dependson
whetherincludetheobserveddataor not. For instance,theusualbinomialtestis conserva-
tive. But if theobserveddataareexcluded,thetestbecomesliberal. A typical solutionto
overcomethis problemconsistsin consideringa mid-p-value(Berry andArmitage,1995),
but it hasonly adhoc justifications.

Obviously, in this casethechoiceof a noninformativeprior distribution cannotavoid
conventions. But the particularchoiceof sucha prior is an exact counterpartof the ar-
bitrarinessinvolved within the frequentistapproach. So, in our situation, the observed
significancelevels of the inclusive and exclusive conventionsare exactly the posterior
Bayesianprobabilitiesthat � is greaterthan � � respectively associatedwith theBeta(1,0)
andBeta(0,1)priors. TheJeffreys’ prior givesanintermediatevaluecloseto theobserved
mid-p-value. Relevant referencesare Bernard(1996), Walley (1996), andLecoutreand
Charron(2000).

Noteagainthatwhentheinterimanalysissuggestsagivenconclusion,anotherline of
attackis to investigatetheimpactof skepticalor handicapprior distributions(Spiegelhalter
et al., 1994). In this way, the experimentwill only stopif the partial datagive sufficient
evidenceto counterbalanceit.

3. INFERENCEABOUT A DIFFERENCEBETWEENMEANS

3.1Example2

Consideragainanexperimentdesignedto testtheefficacy of anew teachingmethod.Two
groups(new methodvs. old method)of 30 subjectseacharecompared.The dependent
variableis the numericalscoreto an evaluationtest. The new methodis consideredas
effective if the raw differencem is more than+3, and ineffective otherwise. An interim
analysisis conductedafter15 subjectsin eachgrouphavebeenincluded.

Table 1. Thefour examplesof interim results.

Posteriorprobability
Case n9� op� mq+ 6 � / m / + � mCkr< �

Conclusion
1 +6.07 +3.674 + ��� �����

0.037 0.963 effective
2 +6.07 +0.683 0.158 0.208 0.634 no firm conclusion
3 +1.52 +3.674 + ��� �����

0.999 0.001 ineffective
4 +1.52 +0.683 0.026 0.718 0.256 no firm conclusion

Fourexamplesof interimresultsareconstructedby crossingtheoutcomeof theusual
two-sided o test of the null hypothesisms
 �

(significant, o � 
 ��� tBVj5
, �u
 ��� �����

vs.
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nonsignificant,op�:
 ��� t����
, �

 ���K�$�

) andtheobservedmeandifference(large, n*�d
 t�� �9V
vs. small, n*�v
 ��� ��-

). Thesedataare analyzedusing the usualnoninformative prior
distribution for comparingtwo normalmeanswith equalvariances(seee.g.Box andTiao,
1973).Theresultsaresummarizedin Table1. HereagainBayesianstatementsbypassthe
shortcomingsof usualnull hypothesissignificancetestsandgive straightanswersto the
questionof the investigator. Given the interim data,cases1 and3 leadto the respective
conclusions“effective” and“ineffective”. On the contrary, cases2 and4 cannotleadto
firm conclusions,becauseof thegreatvariability observed.

3.2PredictiveProcedures

Let usconsiderfirst thequestionof predictingtheseparateresultsof thesecondpartof the
experiment.Thenotationsaresummarizedin thefollowing table.

observed o test lower
difference statistic crediblelimit nxw

First part n9� op� y � z �0
 -$�
Secondpart n 8 o 8 y 8 z 8 
 -$�

Wholeexperiment n�
 ) n � <QnB8 3 ^ - o y z 
 ���
Theoreticalresultsaregivenin Lecoutre(1996,1999).Giventhedatain hand,thepredic-
tivedistribution for thedifferencen 8 is ageneralized o distributionthatdependsonly on n9�
and op� : n 8 / interim data L{o}| Z ) n*�$M - ) n9� ^ op� 3 8 3 .
Thepredictivedistributionfor theStudent’s o teststatistico~8 is adistributionwhich I called�

-prime(seeAppendix):o 8 / interimdata L � E| ZR� |x� ) op�jM -�3 (herez 8 
 z � = 28).

In thesameway thepredictive distribution for the
�J��� ) � 6 � 3R� Bayesianlower credible

limit involvesa
�

-primedistribution:y 8 
{n 8 6�� �� � o}| � � � ]F� /
interimdata L;n9� 62� Z� Z � E| � � | Z ) o}| � � � ]F� M -�3

where o |x� � � ]G� is the (
� 6 � )-percentileof the standardStudent’s o distribution with z 8

degreesof freedom.Note that thepredictive distributionsdependonly on n � and o � . This
propertyillustratesthe greatgeneralityof theseformulae. All theseresultscanbe easily
generalizedto futuredatawith a differentsamplesize.

The final resultsfor the whole datacanbe predictedaswell. The predictive distri-
bution for the final differencen (given the interim data)is deducedfrom the predictive
distributionfor n 8 (sincen�
 ) n*�g<�n 8 3 ^ - ). Thepredictivedistributionsfor theteststatistico andthe crediblelimit y evaluatethe chancesthat the experimentwill endup showing a
conclusive result,in the light of theobservationsalreadymade.They arenot availablein
closedform but they canbeeasilysimulated.

For eachof the four caseswe cancomputethe predictive probabilitiesof obtaining,
respectively for the separatedataof the secondpart of the experimentandfor the whole
data:(1) anobserveddifference(resp. nB8 and n ) greaterthan+3; (2) aposteriorprobability
of a positive differencegreaterthan0.95, that is equivalently a significant o testat one-
sidedlevel �=
 ��� �B�

(resp. o~8�k�< ����Vj���
, 28 n�w and o@k�< ��� t9V$-

, 58 nxw ); (3) a 95%lower
crediblelimit (resp. y 8 and y ) greaterthan+3. Theseprobabilitiesaregivenin Table2.
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Table 2. Predictiveprobabilitiesfor thefour examplesof interimresults

Futuredataonly
Case n � o � &('*) nB8�k{< ��3 &('*) o~8�k{< ���KV$��� 3 &('*) y 8 k{< �B3

1 +6.07 +3.674 0.900 0.902 0.543
2 +6.07 +0.683 0.596 0.241 0.174
3 +1.52 +3.674 0.009 0.902 + ��� �����
4 +1.52 +0.683 0.321 0.241 0.051

Wholedata
Case n*� op� &('*) n�kr< ��3 &('*) o7ks< ��� t9V$-�3 &('*) y ks< �B3

1 +6.07 +3.674 0.993 0.998 0.819
2 +6.07 +0.683 0.686 0.244 0.120
3 +1.52 +3.674 + ��� �����

0.998 + ��� �����
4 +1.52 +0.683 0.177 0.244 0.005

The more impressive finding is that, for Cases3 and4, it is very unlikely that the
conclusionof efficacy could be assertedat the end of the study. In particularfor Case
3 this might reinforcethe decisionto stopthe experimentsuggestedby the conclusionof
inefficacy obtainedatinterimanalysis.It is enlighteningto contrastthisresultwith thevery
high probabilityof a significantresultat interim analysisbeingconfirmedwith additional
data.

3.3EvaluatingtheSampleSize

Thepredictive approachcanalsobeusedto evaluate,at the time of planningexperiment,
if a given samplesize is appropriatefor demonstratinga given conclusion. Whenprior
informationis available,in particularfrom a pilot study, thepredictiveprobabilitiesgive a
usefulsummaryto helpin thechoiceof thesamplesize.

Bayesianapproachesto samplesizedeterminationareespeciallydiscussedin Adcock
(1997) and Josephand Belisle (1997). Josephand Belisle distinguishbetweena fully
Bayesianapproachand a mixed Bayesian-likelihoodapproach. The former utilizes the
prior informationfor both the derivationof the predictive distribution of the dataandthe
posteriorinference. The latter only usesthe prior information in order to evaluatethe
samplesizewhile retaininga noninformativeprior for thedataanalysisitself. Theabove
proceduresfor predictingtheseparateresultsof thesecondpartof theexperimentandthe
final resultsfor thewholedatarespectively applyto thesetwo issues.

4. CONCLUSION

Time’s up to cometo a positive agreementfor proceduresof experimentaldataanalysis
thatbypassthecommonmisusesof null hypothesissignificancetesting,while filling up its
role of “an aid to judgement”which “should not be confusedwith automaticacceptance
tests,or ‘decisionfunctions’” (Fisher, 1990/1925,page128).Thisagreementshouldmeet
scientists’requirements,in particularthe needfor objective statementsand the needfor
proceduresabouteffectsizes.Undoubtedly, thereis anincreasingacceptancethatBayesian
inferencecanbeideally suitedfor this purpose.
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But, unfortunately, thecontributionof Bayesianinferenceto experimentaldataanaly-
sisandscientificreportinghasbeenobscuredby theinsistenceof many authorsfor pointing
out themeritsof thesubjective decisiontheoreticBayesianconception.“But theprimary
aim of a scientificexperimentis not to precipitatedecisions,but to make an appropriate
adjustmentin the degreeto which oneaccepts,or believes,the hypothesisor hypotheses
beingtested”(Rozeboom,1960).

It mustbeemphasizedthatBayesianprocedureshave alsoan importantcontribution
to inferenceanddataanalysis.“A widely acceptedobjective Bayestheory, which fiducial
inferencewasintendedto be,would be of immensetheoreticalandpracticalimportance.
A successfulobjective Bayestheorywould have to provide goodfrequentistpropertiesin
familiar situations,for instance,reasonablecoverageprobabilitiesfor whatever replaces
confidenceintervals” (Efron1998,page106).

Within this perspective,Bayesianpredictiveprobabilitiesarea particularlyusefulde-
vice to communicatewith the investigators.They give thema very appealingmethodto
answeressentialquestionssuchas: “how big shouldbe the experimentto have a reason-
ablechanceof demonstratinga given conclusion?”;“given the currentdata,what is the
chancethat thefinal resultwill be in somesenseconclusive, or on thecontraryinconclu-
sive?” Thesequestionsareunconditionalin that they requireconsiderationof all possible
valueof parameters.Whereastraditionalfrequentistpracticedoesn’t addresstheseques-
tions,predictive probabilitiesgive themdirectandnaturalanswer. In particularpredictive
procedurescanbeusedto illustratetheeffectsof planninganexperimentwith a too small
samplesize,andto aid thedecisionto abandonanexperimentif thepredictiveprobability
appearspoor.

A fundamentalpropertyis thatpredictiveprobabilitystatementsareconditionalonthe
currentdata,andthenvalid independentlyof thestoppingrule. In morecomplex situations
thesestatementsrequireheavy computationswhichhave longbeenanimpedimentto their
use,but arenow easilyaffordable.Predictive proceduresaresuitablefor many issues,for
instance:planningan experimentfrom a pilot studywhosedataareor arenot included
in the final analysis;conductinginterim analyses(plannedor unplanned);continuingan
experimentbeyondits initially plannedterm.Accordingto thesituationthepredictioncan
be explicitly basedon eitherthe hypothesesusedto designthe experiment,expressedin
termsof theprior distribution,or on partialavailabledata,or on both.
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APPENDIX:THE
� E DISTRIBUTION

If thethreerealvariables� , � 8 and � 8 , with � 8 and � 8 independent,aresuchthat

� / � 8 MO� 8 L;���J% �� MRN 8 � 8f� � 8 L�� 8|z � 8 L � 8�' ) �?k � MR��k ��3
then � hasthe

� E distribution,with z and
'

degreesof freedomandwith parameters% andN 8 : ��L � E| � � ) %gMON 8 3 . The
� E distribution includesasa particularcasethe noncentralo

distribution (for z 
�� ). N appearsasa scalefactor:
� E| � � ) %�MRN 8 3 
�N � E| � � W [ � M � \ . Henceit

is sufficient to studytheparticularcaseN 8 
 �
.

If �4L � E| � � ) %�M �.3 its probabilitydensityfunction is definedfor z and
'

positive real
numbersandcanbeexpressedas:
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� ) � 3 
 �� � ' ��P) |8 3 �P) �8 3�� zz <=% 8��� � � '' <=� 8g�?¡�¢ Z�
��£¥¤¦§p¨ �

�©gª � � z < ©- � � � ' < © < �- � � 5) z <Q% 8 3 )«' <4� 8 3 ��¬� ) %�� 3 §
From the pdf the cumulative distribution function can be expressedin termsof infinite
seriesof multiplesof incompletebetafunctionratios,leadingto simpleandefficient algo-
rithmsfor numericalcomputations.Moredetailsaregivenin Lecoutre(1999).
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