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Abstract

The K-prime and K-square distributions, involved in the Bayesian predictive distributions of
standard ¢ and F tests are investigated. They generalize the classical noncentral t and noncentral
F distributions and can receive different characterizations. Their moments and their probability
density and distribution functions are made explicit. © 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction

In recent years many authors have stressed the interest of the Bayesian predictive
approach for monitoring experiments. Some references are Spiegelhalter and Freedman
(1986), Choi and Pepple (1989), Berry (1991), Geisser (1993), Spiegelhalter et al.
(1994), Lecoutre et al. (1995), Adcock (1997), Joseph and Bélisle (1997) and Hung
et al. (1997). A question of interest has been to determine the predictive distributions
of test statistics and p-values or of the limits of confidence intervals. Under standard
normal models, assuming a conjugate prior, this leads to define two distributions that we
name the K-prime and the K-square distributions. These distributions can respectively
be defined as mixtures of the classical noncentral t and noncentral F distributions
involved in the power of standard tests, or alternatively as mixtures of distributions that
are their Bayesian counterparts. Several equivalent characterizations are introduced and
point out the links between the different distributions. From these characterizations, the
moments and probability distribution functions can be made explicit. The cumulative
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Table 1

Characterizations of univariate distributions
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Distribution Mixture Particular cases
a 1 72
t(a) N(;,;) A2 7 (@) =N(a, 1)
72
Al(a,1) N(a@,1) A ;‘f Alo(a,1)=N(a,1)
2
1 )
tp(a, 1) N(a,?) A2 " teo(a, 1) =N(a,1)
72
K} (a,1) t(ay) Ap ”;“’ K. (a,1)=1tl(a)
! ! a 1 XI% ! !
K} (a,1) Aq(;,?) Aa K} oo(a, 1) = Al(a, 1)
2
+r
Kj (a.1) tyerlan £25) A P focol@ ) =N(a1)
1 y2(d?) 72 12(a?)
Fl (a?) 7 ’”m 12 7 (@) ="
2 2 2.2
15 (a*y?) X Im(a”)
A5q(@) - Np = (@)=
m q m
2 2.2
1 zm(@y?) x 12(a%)
U2 p(a®) = Ap £ Y2 oo (a?) = F—=
» m m
72
Ko g.r(a%) Fpo (@) Ap =L K2 oo (@) = F, ,(a?)
2 2 Lo s 1 2 2
Km,q,r(a ) y_A q(a ) A2 . K qoo(a )= mq(a )
2 w2 (42
gy +r qg+r Im(a)
m q,l(a ) q+r n%,qur(qyz +ra2 ? Kl%,oo,oo(az): mT

distribution functions can be expressed in terms of infinite series of multiples of in-
complete beta function ratios, leading to simple and efficient algorithms for numerical
computations. We assume here that the probability density functions and moments of
the chi-square and noncentral t and F distributions are known. The necessary results

can be found in Rao (1965) and Johnson et al. (1995).

The main characterizations as mixtures of the univariate distributions involved in
this paper are summarized in Table 1.!

' A Windows™ interactive computer program, “LesDistributions”

(B. Lecoutre and J. Poitevineau),

that calculates probability statements for all these distributions is available on the Internet at address:
http://epeire.univ-rouen.fr/labos/eris/pac.html or upon request to the author.
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2. The K-prime distribution
2.1. First characterization

The multivariate K-prime distribution has been introduced in Lecoutre (1984) with
the following characterization. If x|y* has the multivariate generalized ¢ distribution
9y’ +r

q-+r

x|y2Ntm;q+r (ya, bzlm) (y>0,g>0,r >0,m=1)

and y? has the central F distribution y? ~ F,,, then x has the m-variate K-prime
distribution, with ¢ and » degrees of freedom and with parameters @ and 5?

x~K'  (ab’l,)

mq,r

From this characterization, b appears as a scale factor

1
2 _
K}, (a,b*,) = bK},, (Ea, 1,,,)

hence it will be sufficient to study the case b> = 1.
In what follows we consider only the univariate distribution (m = 1), denoted by
K, (a, b?). The univariate K-prime distribution includes as particular cases:

e for a =0, the usual ¢ distribution
Kq’,,(O, 1)=¢,

e for ¢ = oo, the noncentral t distribution
K;O,r(a, 1) =t(a),

e for r = 0o, the distribution that we name lambda-prime, involved in the sampling
distribution of confidence limits for 1 and in the posterior Bayesian distribution of
the ratio u/o, under the usual normal model with mean u and standard deviation g,
using a conjugate prior

/ Y
K, oo(a,1)=Ay(a,1).

Note that this last distribution has been used in the fiducial framework by Fisher (1990)
(pp. 126-127).

2.2. Equivalent characterizations for the univariate distribution

If one of the three following sets of conditions is satisfied (a, ¢ > 0 and » > 0 are

real numbers)

> | 2 %
(1) x[y* ~ —4y(a,1) (y > 0) and y* ~ °~,
y r

2
Lr
b

2) x= %,w and y being independent, with w ~ A;(a, 1)and y ~ .
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2

1
(3) x[y? ~r(ay) (y>0)and y* ~ ;q

then x ~ K/ .(a,1).

Proof. The equivalence of these characterizations can be stated as follows. Consider
three real variables x, g> and 4%, with g and A? independent, such that

h
then x ~ Kq”,(a, 1) and this result can be obtained from each of the four characteriza-
tions.
First these conditions can be rewritten

2
que +r
x[i?, 0> ~ N (av, —— ),
2

2 2
xlg2 2 N (a8, 12) g7~ EL R~ B (g > 0,1 0)
q r

where, as a classical result u*> = gg* + rh* and v = g/h have independent distributions,
respectively u* ~ y7,, and v* ~ F, .. Then the main characterization applies, since

2
v
x|v2 ~ lgir (av, qv r) .
q+r

For the three equivalent characterizations, the result can be respectively deduced from

1
x|h* ~ %A;(a, 1),
W= %|h2 ~ Aj(a,1) hence w ~ Ay (a,1),

x|g? ~ t(ag),
where these distributions are themselves deduced from the main characterization for
the particular cases » = co and g = co.
Note that the A’q(a, 1) distribution can again be characterized as the distribution of
x +ay, where x and y > 0 are independent, with x ~ N(0,1) and y* ~ 77/, hence
x + ay|ly ~ N(ay,1). This follows for instance as a particular case from the first
characterization (for » = 00).

2.3. Properties of the cumulative distribution function

The cdf has the following properties:
Pr(K; (—a,1) < = /)=Pr(K, (£,1) > a),
Pr(K, ,(a,1) < 0) = Pr(Ay(a, 1) < 0) = Pr(t, > a),

Pr(K] (a,1) < /)=Pr(K; (£,1) > a).

Proof. The first property is an immediate consequence of the characterizations. The
second property comes from the fact that, if x ~ Ké’,(a, 1), then under the conditions
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of the first equivalent characterization, x/y|y* ~ x/y ~ Ag(a, 1). Moreover, since y is
a positive variable Pr(x < 0)=Pr(x/y < 0). The third property expresses a remarkable
relationship between the K-prime distribution with ¢ and » degrees of freedom and the
K-prime distribution with » and g degrees of freedom. In the particular case r = oo,
it gives Pr(t;(a) </{)= Pr(A;({, 1) > a). Considering three independent variables x,
y >0 and z > 0, such that x ~ N(0,1), y* ~ ?/r and 2> ~ Xg/q, we get

x+ay~ A(a,1)and x — £z ~ AL(—£, 1)

hence, from the second of the equivalent characterizations,

—/
PO K (a1) and T

~ K} (~4,1),

The result is then deduced from the equivalence of the two conditions (x + ay)/z < ¢
and (x —/z)/y < — a, since Pr(K; ,(—/,1) < —a)=Pr(K, .(¢,1) > a).

2.4. Moments

The moments of the K(;’,,(a, 1) distribution can be directly deduced from its charac-
terizations. In particular,

E(x) = ak,

E(?) = é(a2 1),

Var(x) = (L - k2> o

r—2 r—2’°
1
E(x*) = . <&a3 —|—3a> k,
r—3 q
r? q+2
E(x4) = ( a* + 64° —|—3> R
(r=2)r—4)\ ¢

where

‘e \ﬁr(%r(gl)
¢ THrG)

if respectively r > 1, r > 2, r > 2, r >3 and r > 4.
For instance, from the moments of the conditional distribution x|y ~ #/(ay), we get

E(x)=E(E(x|y*)) = E(ak'y) = ak'E(y),
where

/ r (rgl)
W= o]
\[2 re)

E(?) = EERY) = 5 (@EG) + 1)

and the results are deduced from the moments of the marginal distribution y* ~ y2/q.
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2.5. Probability density function

If x ~ K ,(a,1) its pdf is defined for ¢ and r positive real numbers and can be
expressed as
r+1

1 1 q % r 2
PO= TG (i fe) ()

I
puc ol | q+7 r+j+1 4 2 .
it ( 2 )F( 2 )<<q+a2>(r+x2>) (@0"

Proof. From the characterization as a mixture of noncentral t distributions, we get
p)= [ p(x|y*)p(»*)dy?, where

r+1

N 1 1 a? 5 r 2
plx|y )—W@exp <_2y ) (r—i—xz)
J .
oo ] 1 2\, 5l
< A (e () 0
2 q_
p(y’) = F( ) (q)2 (»*)? 1exp(—%yz).

Inverting the summation and the integration, the result is deduced from the gamma
integral (see for instance p. 144 of Box and Tiao (1973)),

ati
o q+a q+j\ (a+a\ 2
0

2.6. Cumulative distribution function

1. Ifa=0
Pr(K,,,(0,1) < /) =Pr(t, < /).

2. If a>0 and / <0 the cdf of the K, ,(a,1) distribution can be expressed in terms
of an infinite series of multiples of incomplete beta function ratios

oo ; i+1 r
Pr(K;’,,(a, 1) < /) = Z:O(—l)]ej]//Z/(r+/2) (‘IT, E) .
j=

where

1 I PN SN B
e == 2~ ( 2) ( 2) and ) e; =1.
2rHra+Hh \g+a) \g+a =

This series can be evaluated from recurrence relationships, both for the coefficients e;
and for the incomplete beta function ratios. The algorithm developed for the psi-square
distribution in Lecoutre et al. (1992) can be extended to the present situation.
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Proof. From the pdf, we get

+00 ; ; 1
Pr(Ké,,(a,l)</):\/EF(Z)1F(£) <Q+a2>2 Zl ( ;J>p<r+é+ )

2 r+j+1
xr 2 2/ >
q+a

/ 2\~ 2
o () T e
r
’ T reHrG)
2 x 1 Waa J+1
/0 x] (1 + 7) dx = 2 F(r+12+1) 2 I/Z/(r+/2 ( 2 5 5)
can be deduced from the pdf of the central F distribution. Then the result is obtained

using the duplication formula 2/I'(:22)I(1 + £) = /!
3.If a>0 and / > 0 we have

NI~

where the integral

Pr(K; (a,1) < /)=Pr(K, (a,1) < 0)+Pr(0 < K, (a,1) <)
+o00 +1 7
= Pl‘(l‘q >a)+ ZejI/Z/(r+/2) <j2, 2) .
Jj=0

The first term is given by the cdf of the ¢ distribution, and the second term is obtained
as in the case / < 0.
4. If a < 0 we can use

Pr(K, (a,1) < /) =Pr(K. (~a,1) > — /) =1 Pr(K] (~a,1) < — /).

3. The K-square distribution
3.1. Characterization

The K-square distribution has been introduced in Lecoutre (1984) with the following
characterization. If x has the multivariate K-prime distribution K, ,(a,1,), then x x/m
has the K-square distribution with m, ¢ and r degrees of freedom and parameter a*=a’a

The K-square distribution includes as particular cases

e for a =0, the usual F distribution

K2, /(0)=Fy,

e for ¢ = oo, the noncentral F distribution

2
moor(a )_ r/n,r(a )7
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e for r = oo, the distribution that we name lambda-square, involved in Bayesian
analysis of variance procedures

2 2N 42 2
Km,q,oo(a )_ Am,q(a )

This last distribution has been used by Geisser (1965) and Rouanet and Lecoutre
(1983). It has been considered by Schervish (1992, 1995) under the name of alternate
chi-square distribution (with a different scale factor).

3.2. Equivalent characterizations

If one of the four following sets of conditions is satisfied (¢, ¢ > 0 and » > 0 are
real numbers)

2
+r +r
(1) x2|y2~L 2 ( q a2y2> and 2 ~ F,.,,

g+r "\ gyt +r
2 21,2 iAZ 2 d 2 X_’%
( ) X |y ~ 2 m,q(a ) and y- ~ H
y r
2 2
(3) »*= W—z,w2 and y? being independent, with w? ~ A2 q(az) and y* ~ 7,
Y ' r

2
(4) 20~ F (@) and  ~ 2
q

then x* ~ K . (a?).

The psi-square distribution has been introduced in Lecoutre (1981); see also Rouanet
and Lecoutre (1983) and Lecoutre (1985). It has been considered by Schervish (1992,
1995) under the name of alternate F distribution. If x has the multivariate generalized t
distribution #,,.,(a, I,,), then x'x/m has the psi-square distribution with m and ¢ degrees
of freedom and parameter a*>=a’a: x'x/m ~ Y (a*) with the particular case v, ,(0)=

m,q
Fog.

Proof. The equivalence of these characterizations can be stated as follows. Considering
three variables x, g> and 4%, with ¢ and 4* independent, such that

1 . 2
d, RN (la—n),  F~P BAE (9> 0h>0)
h h? q r
then x'x/m ~ anﬁ q’r(az) and this result can be obtained from each of the four charac-
terizations.
Generalizing the demonstration given for the K-prime distribution, we get
g

2
x|u2,v2 ~ N, (va, qu—j—rlm) where 1> = gg*> + rh® and v = 4
u
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hence for the main characterization
2
2 qu +r /
X[07 ~ tyg s (va, W%) and x ~ K, . .(a,1,).

For the other characterizations, the result can be respectively deduced from

x'x v?
T~ qutr o q2+r dav* ),
m q+r quv- +

!
x'x
R~ aa
m | m q( )
x’x
2 2172 2 / 2 2 /
wo = ?h |h= ~ 4, (a'a) hence w™ ~ A4, (a'a),
x'x 5
adied ~F' (da 2 ,
g mq(@'ag”)
where these distributions are themselves deduced from the main characterization for
the particular cases » = co and g = co.

3.3. Moments

If x2 ~ K2 b (@) then its moments can be directly deduced from the characteriza-
tions of the distribution. In particular,

p
E(Xz) = m((lz + m),
g 9+2 4
) 2r? g+r—2 , )
Var(x )mz(r—2)(r—4)< a+2(m+r—2)a +m(m+r2)),
E(x%) = r

m3(r —2)(r —4)(r — 6)
(m(m £ 2)(m + 4) + 3(m + 2)(m + 4)d® + 3(m + 4)"—Jrl 4

2 4
NUES )gq+ )a6>
q
if respectively » > 2, r >4, r >4 and r > 6.
For instance, from the moments of the conditional distribution x?|y* ~ Fo ' (a*y?),

we get
EG?) = E(EQY)y?) = ﬁ(azﬂyﬁ +m),
2
EG) = BEY), 50— (n0n +2)+ 20m + EGH) + ' EGH)

and the results are deduced from the moments of the marginal distribution y? ~ o 2/q.
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3.4. Probability density function

If x? ~ K,%,, W(az) its pdf is defined for m, ¢ and r positive real numbers and can

be expressed as

a4 1 oo 1 I'(4 + )HI(%E +))
p(x )_mq2 q r o m .
Ir';)re)i=J! I3 +j)

m, . _mir
(mx)2 7+ mx?) 2

(@)(g+a) 2

Proof. From the characterization as a mixture of noncentral F distributions, we get
p(*) = [ p*|y*)p(y*)dy* where
ro1oeel (%))

2
I'(3)=J! I'(3 +j)

p(|y)=mr

J m . m-r .

: (%) PV m)E I )2,
oY= (ﬁ)%( 258 1ox (_g 2)
ply F(%) 3 Y p 2)’ .

Inverting the summation and the integration, the result is deduced from the gamma
integral (see, for instance, of p. 144 Box and Tiao, 1973)

9+

+o0 q 4
itea(§)ar - (445) (2
/0 %) exp( 5y ) dy > H) 5
3.5. Cumulative distribution function

From the density, the cdf can be expressed in terms of an infinite series of multiples
of incomplete beta function ratios

oo m T
Pr(K,f,’q’,(az) </)= Zo_fjfmf/(wmf) (E +7 E) (¢ >0)
=

where

q .
LI (g V(@ Y
fi=——2 and fi=1L
Tt ) \g+a*) \g+a jg()J

This series can be evaluated from recurrence relationships, both for the coefficients
f; and for the incomplete beta functions. The algorithm developed for the psi-square
distribution (involving the same f;) in Lecoutre et al. (1992) can be extended to the
present situation.
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4. Predictive distributions
4.1. Predictive distributions for Student’s t statistics

The Student’s ¢ statistics are defined as the ratio t=d/bs of two independent variables
d and s with respective sampling distributions

2
d|5,0% ~ N(8,b*6*)(b > 0) and 52|, 0% ~ a2 %~
"

Then if (J,0%) has the conjugate prior distribution characterized by

—1
2
516% ~ N(do, B26*)(ho > 0) and 6° ~ 2 <@> ,
q0
¢t has the marginal predictive distribution
t:in’ @béerZ .
bs o\ sy’ b2

Proof. First it can be deduced that

d|c® ~ N(do, (b} + b*)a?)

hence noting that 4 and s are independent conditionally on ¢?

d|s*,a* ~ N(do, (b + b*)a?).

Then the conditions can be rewritten

d , do g b3+0 1
=2 w2~ (9 -
b9 (bsoh’ 2R

2 2 2 2
2_SLN@ h2_iN&

> (g>0,h>0),

a2 g gz r
and the result is obtained as in Section 2.2.
As a consequence the predictive distribution of # can be directly deduced from

e ~t (é) and {~ A (z0,b3) where { = 9 and zp = @
b 0 o S0

4.2. Predictive distributions for Student’s confidence limits
Confidence limits associated with Student’s ¢ tests are of the general form d + cs

and have a predictive distribution given by

d+cs—do~K], (cso, (b + bz)s%) )

rsq0

Proof. From d|s?, 0> ~ N((b3 + b*)a?) (see previous Section), it follows that

d + cs — do|s®, a* ~ N((b} + b*)a?)
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and the result is obtained applying the equivalent characterizations, with the conditional
on ¢ distribution

d + cs — dola® ~ Al(ca, (b + b*)a?).
4.3. Predictive distributions for F ratios

The results obtained for the Student’s ¢ statistics can be immediately generalized,
replacing the univariate normal distributions by m-variate distributions, i.e.,

D|A,6* ~ N,,(4,b*6*I,) and A|c* ~ N,(Do,b3c’l,,) (b>0,by > 0).
It follows that D/bs has the marginal predictive distribution

D K Dy b} + b? I

bs m:qo.r bso 2 b2 m bl
and consequently

D'D b+, DyD,

mb2s? b2 T\ (B + b?)s}

with the conditional distribution

D'D A'A
|4,6° ~ F), < )

mb2 2 b2g2

As a consequence, defining (> = 4’A/ma* and z = D|Dy/ms}, the predictive distri-
bution of F' ratios can be directly deduced from

C2 m22
F|> ~F), ( i and (* ~byA;, b—%‘)

which implies
P b+ b? g2 mz3
b2 m,qo,r b% + b2 !
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