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ABSTP,bCT 

- 7  .. . Of E:< :_:I;;;lyS<S ~f " " 7 - 7  -.-.-- L-FLL> ::sGal F - V -  -- . ,- ldllL, i R r e c ~ z s i d - r e d  

w i t h i n  t i l e  3 a y e s i a n  f r z i e w o r k ,  i:i t e rms  o f  i ; r e d i ~ t i - ~ - e  r - 

d i s t r i b u t i o n s .  T h i s  l e a d s  t o  t h e  n o t i o n  o f  semi-Bayesian 

s i g n i L i c a n i e  t e s t ,  s o  c a l l e d  b e c a u s e  i t  c o n s i s t s  i n  o n l y  

p r o b a b i l i z i n g  t h e  s p a c e  o f  n u i s a n c e  p a r a m e t e r s ,  t h u s  b r i n g i n g  a  

g e n e r a l  f o r  " e i i m i n a t i n g U  n u i s a n c e  parameters, o r  more 

e x a c t l y  i n c o r p o r a t i n e  i n f o r m a t i o n  a b o u t  t h e s e  p a r a m e t e r s .  The 

a p p r o a c h  i s  shown t o  e x t e n d  t h e  F - t e s t s ,  by a l l o w i n g  t h e  t e s t i n g  

o f  h y p o t h e s e s  o f  non-zero e f f e c t s .  

1. INTRODUCTION 

It i s  w e l l  known  ha^ a  g i v e n  s t a t i s t i c a l  p r o c e d u r e  c a n  

p e r t a i n  t o  d i f f e r e n t  j u s t i f i c a t i o n  and i n t e r p r e t a t i o n  frameworks.  

Thus,  a s  h a s  been  e s p e c i a l l y  i l l u s t r a t e d  by L i n d l e y  (1965) ,  u s u a l  

s i g n i f i c a n c e  t e s t s ,  s u c h  a s  S t u d e n t ' s  t o r  F t e s t s  o f  t h e  a n a l y s i s  

of v a r i a n c e ,  which  a r e  t r a d i t i o n a l l y  p r e s e n t e d  i n  t h e  s a m p l i n g  

t h e o r y  framework,  c a n  r e c e i v e  a n  i n t e r p r e t a t i o n  i n  t h e  Bayes ian  

framewcrk,  u 5 i n g  n o n i n f o r m a t i v e  p r i o r s  i n  t h e  s e n s e  o f  j e f f r e y s  

( n o t  t o  s p e a k  o f  F i s h e r ' s  f i d u c i a l  a p p r o a c h ) .  

Such r e s u l t s  s u g g e s t  a c o n t i n ~ ~ i t y ;  r a t h e r  t h a n  a  d r a s t i c  
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2438 LECOUTRE 

o p p o s i t i o n ,  b e t i e e n  " c l a s s i c a l "  and Bayes ian  methods .  Yet t h e  

r e i n t e r p r e t a t i o n  o f  l e v e l s  o f  s i g n i f i c a n c e  i n  t h e  Bayes ian  

f rzmevork  i s  u s u a l l y  performed i n  t e r m s  of  p o s t e r i o r  

d i s t r i b g : i a r . ,  that i s  d i s t r i b u t i o r i s  i l . ~  s-.rz:neLirrr, v'nriiiaz tl:r 

- 2 - s  ~ P T V !  c ?'n +h, GZ-P! ? ' - -  t h ~ l r - ; l  a r e  o '3 ta ins6  frzm ~: l innf i~ lu  - - . , . - & - . - & - -. - . . - - - . . . r----0 r a 

. . d i s t r i b u t i o n s  o f  s r a t r s t r c s .  T h i s  p a p e r  e x p l o r e s  the  p o s s i b i l i t v ,  
. . -  - -  -*,. e-.7n,: -- .A-n-n---*i, -c , , ' . 
i ' r  i i ' i ;  " L L J L . i ) L U _ L I  C U I I C W W I I \ )  

uL 2 .,.-.-,> A 1  ?Cl,%.~ v.'>c.,>"',7 , > < > + - . > r  7 ,,- , ,F  
,'iULL U L L L L L  L L L " L L d L u L L - L L " ' A  "L 

. , , , . " ?  ,:,,: ;:,,,,, +,,+, ;, +,,," u3uai a i 5 L L L i L C a r r L r .  L r . o i g  ) A L L  L L L L L I . 7  of p r e d i c t i v e  d i  c t r i b u t i o n s ,  
. . - .  

t h a t  i s ,  d i s t r i b u t i a n s  c d n c e r n i n g  s t a C ~ s r ~ c s .  "Pila z p p r s a c h  

l e a d  t o  t h e  n o t i o n  of  semi-Bayesian s iqni f icance t e s t ,  so  c a l l e d  

s i n c e  i t  c o n s i s t s  i n o n l y  p r o b a b i i i z i n g  t h e  s p a c e  o f  n u i s a n c e  

------ * -? -  vGLGx=LLLa" 

The b a s i c  i d e a  t o  r e p l a c e  t h e  unknown n u i s a n c e  p a r a x c t e r s  

by a  p r o b a b i l i t y  d i s t r i b u t i o n  i s  c e r t a i n l y  n o t  a  nove l  one.  'Thus, 
- r i s h e r  i i 9 4 4 ;  gave t h e  f o l l o w i n g  p r e s e ~ i a t i o n  f o r  the e l  eiriet i tary 

S t u d e n t ' s  t t e s t :  " I f  x  ( f o r  example t h e  mean o f  a  s a m p l e j  i s  a  

v a l u e  n o r m a l l y  d i s t r i b u t e d  a b o u t  z e r o ,  and o i s  i t s  t r u e  s t a n d a r d  
X 

e r r o r ,  t h e n  t h e  p r o b a b i l i t y  t h a t  - e x c e e d s  any  s p e c i f i e d  v a l u e  may 

be o b t a i n e d  from t h e  a p p r o p r i a t e  t a b l e  o f  t h e  normal d i s t r i b u t i o n ;  

b u t  ii w e  do no t  know o ,  b u t  i n  i t s  p l a c e  have  s ,  a n  e s t i m a t e  o f  
K 

t h e  v a l u e  o f  u, t h e  d i s t r i b u t i o n  r e q u i r e d  w i l l  be t h a t  o f  T, and 

t h i s  i s  n o t  normal .  The t r u e  v a l u e  h a s  been  d i v i d e d  by a  f a c t o r  
C 

which  i n t r o d u c e s  a n  e r r o r .  (.. .) t h e  d i s t r i b u t i o n  of  i s  

c a l c u l a b l e ,  and a l t h o u g h  0 i s  unknown, we c a n  u s e  i n  i t s  p l a c e  t h e  

f id i icLa i  disirib.iit ioi,  o f  0 given to f i n d  of  

e x c e e d i n g  a  g i v e n  m u l t i p l e  o f  s . I t .  

C u r i o u s l y  enough t h i s  p r e s e n t a t i o n ,  p e r h a p s  b e c a u s e  e x p r e s s e d  

i n  t h e  f i d u c i a l  framework, seems t o  have r e c e i v e d  l i t t l e  a t t e n t i o n .  

However, r e c o n s i d e r e d  i n  t h e  B a y e s i a n  framework, s t a r t i n g  w i t h  a  

p r i o r  d i s t r i b u t i o n  f o r  o, s u c h  a  p r e s e n t a t i o n  d i r e c t l y  l e a d s  t o  

t h e  semi-Bayesian s i g n i f i c a n c e  t e s t ,  which b r i n g s  b o t h c o n c e p t u a l l y  

and t e c h n i c a l l y  major  improvements .  

C o n c e p t u a l l y ,  semi-Bayesian s i g n i f i c a n c e  t e s t i n g  l e a d s ' t o  

i n t e r m e d i a t e  p r o c e d u r e s  between t h e  u s u a l  s i g n i f i c a n c e  t e s t s  and 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
4
9
 
1
9
 
J
a
n
u
a
r
y
 
2
0
1
0



THE SEMI-BAYESIAN SIGNIFICANCE TEST 

the Bayesian procedures, since it consists in only 

probabi1izing the space of nuisance parameters. Hence it can 

b r 2 - _  L I ' X  ~ s ~ f u l  corr,~ror.ise in tbLe ~itriztions W : ~ ~ T P  one could be 

- Lclucranr - ::I i i ~ u u s r  2 p d r t i , ~ r ; : i ; r  prior diszri'L.utiuii a i i -  t h e  

- .  parameter "1 i f i ~ r r e j r ,  biit ane ;"=I 3 :,sr  he...^ ,=. 

circumspertior~ For the nuisance parameters. 
. . .  

Sechnicaiiy, semi-Ba)it$iai signii';cancc ces:Lri:; L r : c l u d i s  r : ; ;  

resuits of usual significar:ce Cests, 2nd ex tezds  these result in 

a substantial way, since it 'oril~gs a g,eneraL principle for ,?e-lii+; 

with the informations available about nuisance parameters. 

Furthermore, the procedure can receive a Bayesian 
-, 

a L  k i d :  suff<zi~z.zy. I n::.s. in the  jus~ificaiiori in cerms of p---- 

, ,,,. n-.,,,mni a * I - -  r . = -, d k ,  --.-... ,--, , x-sj_if f i c i e i ? c v f f  < M j e k ,  : 965) or "C-su_F_Ficiep.-.." --i 

(Barnard, 1963) yield the statistic s as containing all the 

availabie i.;..form-ticn ,>hng i  n i r ?  the  aijsence (or i.gilorance 2s i c  

is the case in significance resting) of prior knowledge about rhe 

true meant see respectively Basu ( 1  977) and Dawid ( I  9803, 

The illustration will be conducted from the famiiiar example 

of the univariate analysis of variance (ANOVA), an examp1.e of both 

satisfying compLexity and generai scope. It will be shmx that 

semi-Bayesian significa~ce testirg includes the results of usual 

F-tests, ar;d furthermore extends these results in problems where 

the sampling theory approach appears to stumble, such as testing 

the hypothesis that the variance associated with a fixed-effect 

has a given non-zero value, or incorporating informations 

available about the nuisance parameters. 

2. A MAJOR DIFFICULTY 

OF USUAL SIGNIFICANCE TESTING IN THE SAMPLING THEORY 

One of the major difficulties encounteredin the sampling 

~heory i5 the "elimination" of nuisance parameters. Even when 

sufficient statistics are avaiiable, one can find many zxaqles 

whers there is difficulty in eliminating nuisance parameters, 

especially the problem of comparing two means under  he nor111a1 

model with unequal variances or again several problems  hat arise 
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in analysis of variance. In the case considered here of usual 

significance testing, this difficulty is solved when an 

the F-ratio of the mean squares: P = M S  effeciiMSerrOr 

= (SS ._ mi!(SS 
ettect/-~~, 

whose sampling distribution under H, 
error 

is a central F-distribution and therefore does not involve the 

nuisance parameter G~ 
error' 

-- Under 5, :  n 2 - -  = O F  F ? . F  
ettect m, q 

Unhapilly, the preceding solution is far from being a 
. ?. un~versdl prin~ipie and, ro consider only chis siruarion, r r  we 

want to test another point hypothesis that a 2 _ _  has a given 
ettect 

non-zero value u2,, the nuisance parameter u2 does not let 
error 

itself eliminated, 

3. THE PRINCIPLE OF THE SEMI-BAYESIAN SIGNIFICANCE TEST: 

AN ILLUSTRATION 

Let us now formally reconsider the preceding problem, 

starting with the sampling distribution of the SS statistic, 
effect 

which, given a2 is sufficient for u2 Under K O :  
error' ef fect ' 

o2 =a?,, this distribution is conditional on u2 
effect error' 

The idea which can easily come to the mind of a Bayesian 
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THE SEMI-BAYESIAN SIGNIFICANCE TEST 

T h i s  r e s u l t  

S S e f f e c t  

which i s  deduced 

c a n  b e  o b t a i n e d  h e r e  from t h e  d i s t r i b u t i o n s :  

' " L r o r  s 2  % ku;rrOr~~(o%!bo;rTor) i l i j  

form ( 1 )  t a k i n g  i n t o  a c c o u n t  t h e  independence  of 

t h e  s a m p l i n g  distributions of SS and SS e f f e c t  e r r o r  ' 
and o2 e r r o r  1 ~2 Q (x ; /q)- l  ( 3  j 

which  i s  d e r i v e d  from t h e  s a m p l i n g  d i s t r i b u t i o n  o f  SS--- and 
Cl 

t h e  p r i o r  d i s t r i b u t i n n  f o r  o2 by a  u s u a l  a p p l i c a t i o n  o f  t h e  
e r r o r  

Bayes '  f o r m u l a .  

Then we g e t  (2 )  by t h e  d e f i n i t i o n  o f  t h e  p s i - s q u a r e  d i s t r i b u t i o n  

i n t r o d u c e d  by L e c o u t r e  (1981 ,  7984) and Rouanet  & L e c o u t r e  (1983).  

T h i s  d i s t r i b u t i o n  c a n  be  c h a r a c t e r i z e d  a s  f o l l o w s :  

i f  x2 1 y2 % y2 X h ( a 2  /y2 1 and  y' ( x p r l  t h e n  x2 i s  d i s t r i b u t e d  a s  

i2  w i t h  e c ~ e n t r i c i t y  a2  and m and q d e g r e e s  o f  f reedom;  i t  c a n  be  
-1 ,, shown t h a t ,  i f  u2 1 y2 % F (a2 f Y Z  j and yi % ( ~ 2  j q )  , Lnen 

1 m, q  4 
u2 '7, - $2 (a2 ) . L a s t l y ,  i f  x2 % Q 2  ( a 2  ) , t h e  d e n s i t y  o f  x2  i s  

m m , q  m9 q 
given by :  
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LECOUTRE 

The p r e d i c t i v e  SS i s 2  d i s t r i b u t i o n  can be used,  i n  a 
e i f e c i  . . draiz:ha.tf=r::ar-' yay:  tc ^'^..""A '" " ^"*' -,.-,,- --, -. .-, c: ,,--,.,. * . , , . L  FLU --L- -U  U YLI.'L-U*~C>;LII. i , L C L L L L  I..<ILII.L L C , , L  - 

of t h e  n u l l  hypothes is  a2 = '2 ,,. t h i s  t c s t w i l ?  c o n s i s t  i n  
ef  f  e c t  . . - - . - - * - * - -  

c ~ . i l i l ~ i ~ i ~ i i g  i f  the  d a t a  ars  [ir? a zei . - t? in  5 i n ; i )  i , - iq ,a tT : . ; r  wit;; 

t h i s  p r e d i c t i v e  d i s t r i b u t i o n .  

Lnex- prcced - - A  r eg ion ,  t h a t  i s ,  i f ,  under H,,P'"" i S S  is?) < a  
' 33e f fec t  obs 

It i s  easy  t o  see  t h a t ,  i n  t h e  p a r t i c u l a r  case  a % = O ,  where 

t h e u s u a l  s i g n i f i c a n c e  t e s t i s d e f i n e d ,  t h e  r e s u l t s a n d c o n c l u s i o n s  

of t h e  standard semi-Eayesian s i g n i f i c a n c e  t e s t  co inc ide  wi th  t h c  

ones of t h e  usua l  F - t e s t ,  si.nce one can dedllce from ( 2 ) :  

w i t h ,  i n  t h e  p a r t i c u l a r  c a s e  do = 0  

4 .  FURTHER IMPROVEMENTS 

OF THE SEMI-BAYESIAN SIGNIFICANCE TEST 

I n  a d d i t i o n  t o  t h e  p o s s i b i l i t y ,  i l l u s t r a t e d  i n  t h e  preceding 

Sec t ion ,  of t e s t i n g  any p o i n t  hypo thes i s  f o r  n2 rhe  semi- 
e f f e c t '  

Bayesian s i g n i f i c a n c e  t e s t  a l lows us  t o  remove many l i m i t a t i o n s  

inhe ren t  i n  t h e  usua l  s i g n i f i c a n c e  t e s t s .  S t i l l  f o r  t h e  case  of 

rhe  u n i v a r i a t e  a n a l y s i s  of v a r i a n c e ,  two major improvements of t h e  

semi-Bayesian s i g n i f i c a n c e  t e s t  w i l l  be i l l u s t r a t e d  h e r e a f t e r .  
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THE SEMI -BAYESIAN SIGNIFICANCE TEST 2443 

incorporating other sources of information. There is obviously no 

necessityto restrict semi-Bayesian significance resting to the two 

extrene c a s e s  usually distinguishedinthe sampling theory: :lyror 
L -  - - -  

knoiu.g 7.7s J" i . n l . - m n i , ~ n  -LA.-.%- .. -. ~ p a l - r  f ~ ~ r  the  d 3 t 3 .  The s:_,l~it ion is 
error 

;ilfiTi!cdiatr for tke intcrzeSiate cases. since one can incorporate 

- -&I....- ?.,%...-"<> ~ n r  U L L I C ~  J U Y L C r  of information about a2 by choosing an error 
. .. . 

appropria~c p r i n r  GiStrlD'.lLLoC. 

As an illustration, l e t  us assuxe a prior distribution on 

o2 suci~ i i lai  
error 

This result can be obtained, as for the standard soiucion, 

the distribution in ( 3 )  being remplaced by 

It will be noted that, when qi+O,one finds again, as a limiting 

case, the standard semi-Bayesian significance test given by (2). 

Random effect models. An other example of improvement brought by 

semi-Bayesian significance testing pertains to the case where two 

(or more) nuisance parameters are functionally related. Such a 

situation typically occurs in " r a n d o m  e f f e c t  m o d e l s " :  in these 

modeis the variance o2 is divided into two or more additive 
error 

components. As an illustration, let us assume that, in addition of 

the two SSeffPr+ and SS statistics, we have an additional 
error 
SSerror, whose the sampling distribution, statistic, let us say ' 

independent of the preceding ones, involves only one component, 
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2444 LECOUTRE 

let us say -." of the two componen~s of the total variance 
tirrcr ' 

c - . More precisely, we have the ~ndepeadent sampling 
e r r O K  

--: W i L l i  the constraiiit n 2  \ - 2  , I 
error error 

". 3 ine rhree statistics SS S S and S S '  are assumed 
effect' error error . . 

jointly s~~ff~crent for the three p ~ r a m e t e r s  c2. . c2 n etfect' error' error. 

it is quite difiicuif I.o take into account the inr'orraatiun brougl~t 

the probiem, 

For the semi-Bayesian significance test, such a situation 

does not generate new conceptual difficulties; simply the 

procedures will be ~echnicalip more complex. 

As an illustration, let us consider the standard solution 

corresponding to the prior probability density p(a2 errory':rror) 

proportional to 1/u2 n2 with the constraint 
error error' 

u2 -. 
error ' %rror . lhen the standard semi-Bayesian significance CesC 

of the null hypothesis H o :  02,, =a% is given by the predictive 
errect 

distribution for SS conditional on s2 and u2, the observed 
effect' 

value of MS' error = SSlrro,/qP. This distribution can be 

characterized by its density: 
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THE SEPII-BAYESIAN SIGNIFICANCE TEST 

This  r e s u l t  can be ob ta ined  from  he d i s t r i b u t i o n s :  

and,  consequent ly ,  t he  d i s c r l b u t i o n  i n  ( 8 . i j .  

It w i l l  be no ted  t h a t  t h e  d i s t r i b u t i o n  i n  ( 8 , l )  i s  a c e n t r a l  F 

i f  02, = 0 ,  and t h a t  it r educes  t o  ( 2 )  f o r  p = 0 .  

Here aga in  an  o t h e r  d i s t r i b u t i o n  t h a t  Llie noninformat ive  one 

could  be  cons ide red  f o r  n 2  and q2 e r r o r  e r r o r '  
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