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distributions. This leads to the notion of semi-Bayesian
significance test, so called because it comsists in only
probabilizing the space of nuisance parameters, thus bringing a

general principle for “eliminating" nuisance parameters, or more
exactly incorporating information about these parameters. The
approach is shown to extend the F-tests, by allowing the testing

of hypotheses of non-zero effects.

1. INTRODUCTION

It is well known that a given statistical procedure can
pertain to different justification and interpretation frameworks.
Thus, as has been especially illustrated by Lindley (1965), usual
significance tests, such as Student's t or F tests of the analysis
of variance, which are traditionally presented in the sampling
theory framework, can receive an interpretation in the Bayesian
framework, using noninformative priors in the sense of Jeffreys
(not to speak of Fisher's fiducial approach).
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opposition, between ''classical' and Bayesian methods. Yet the
reinterpretation of levels of significance in the Bayesian

framework is usually performed in terms of posterior

distributions, that is distr

that is, distributions concerning statistics. This approach will
lead to the notion of semi-Bayesian significance test, so called
since it consists inonly probabilizing the space of nuisance

The basic idea to replace the unknown nuisance parameters

by a probability distribution is certainly not a novel one. Thus,
Fisher (1944) gave the following presentation for the elementary
Student’s t test: "If x (for example the mean of a sample) is a

value normally distributed about zero, and ¢ is its true standard

error, then the probability that % exceeds any specified value may

be obtained from the appropriate table of the normal distribution;
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but if we do not know o, but in its p ave s, an estimate of
u

[}
o

ac

=

the value of ¢, the distribution required will be th

e a
s s

this is not normal. The true value has been divided by a factor —
J lel

c

. . . . . s .
which introduces an error. {(...) the distribution of 5 1s
calculable, and although ¢ is unknown, we can use in its place the
fiducial distribution of ¢ given s to find the probability of x

exceeding a given multiple of s.".
Curiously enough this presentation, perhaps because expressed
in the fiducial framework, seems to have received little attention.
However, reconsidered in the Bayesian framework, starting with a
prior distribution for ¢, such a presentation directly leads to
the semi-Bayesian significance test, which brings both conceptually
and technically major improvements.
Conceptually, semi-Bayesian significance testing leads to

intermediate procedures between the usual significance tests and
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the Bavesian procedures, since 1t consists in only

probabilizing the space of nuisance parameters. Hence 1t can

parameter of
circumspection fo
lechnically, semi-Bayesian significance testing

results of usual significance tests, and extends these results in

a substan since it brings a general principle for dealliag

with the informations available about nuisance parameters.
Furthermore, the procedure can receive a Bayesian

justification in
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information about

is the case in significance testing) of prior knowledge about the
true mean: see respectively Basu (1977) and Dawid (1980).
The illustration will be conducted from the familiar example

of the univariate analysis of variance (ANOVA), an example of both

satisfying complexity and general scope. It will be
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semi~Bayesian significance testing includes the results of usual
F-tests, and furthermore extends these results in problems where
the sampling theory approach appears to stumble, such as testing
the hypothesis that the variance associated with a fixed-effect
has a given non-zero value, or incorporating informations

available about the nuisance parameters.

2. A MAJOR DIFFICULTY
OF USUAL SIGNIFICANCE TESTING IN THE SAMPLING THEOQRY

One of the major difficulties encountered in the sampling
theory is the "elimination'" of nuisance parameters. Even when
sufficient statistics are avaiiable, one can find many examples
where there is difficulty in eliminating nuisance parameters,
especially the problem of comparing two means under the normal

model with unequal variances or again several problems that arise
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in analysis of wvariance. In the case considered here of usual
significance testing, this difficulty is solved when an

appropriate test statistic can be found, whose samplin

S m) /(8S /q), whose sampling distribution un
- ettect/ A error’ *’ - g

is a central F-distribution and therefore does not involve the

= (8S

nuisance parameter g2 .
error

Under Hq: ©

Unhapilly, the preceding solution is far from being a

universal principle and, to consider only this situation, if we

want to test another point hypothesis that o? __ has a given
effect
non-zero value 0%, the nuisance parameter Oérror does not let

itself eliminated.

3. THE PRINCIPLE OF THE SEMI-BAYESIAN SIGNIFICANCE TEST:
AN TLLUSTRATION

Let us now formally reconsider the preceding problem,

statistic,

starting with the sampling distribution of the Sseffect
Ho:

which, given cérror’ is sufficient for OéfFect' Under
o? = g%, this distribution is conditional on o2 :
effect error
g | g2 A ka? v2 (g2 /ho? ) (1N
effect'“error error’*m’ ' "error’ A

The idea which can easily come to the mind of a Bayesian
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trying to solve this problem is to replace the unknown value
by a probability distribution for this parameter, the only

T
"0 be considered under H,. A reasonable principle is to assume

ror
for SS , conditional on the observed value,
e >
he MS statistic, instead of the sampling

he principle of what can be called

ignificance test

As an example, the simplest solution, called here the
standard solution for O{r“or’ is obtained by assuming a prior
CLL

a

distribution (often called vague or noninfor

the conditional predictive distribution

s? {under H,) is shown to be:

2 22 2 2 .
Sseffectis Vs wm’q(koo/bs ) LAJ

This result can be obtained here from the distributions:

s2 n ko? ¥2 (% /bo? ) an

02
‘ error’ error’™m error

S
effect

which is deduced form (1) taking into account the independence of

the sampling distributions of SS . and S8 ,
effect error
52 -1 F7 s
a 2 2 o= (y? /g 3
nd OerrorJS k (Xq/“> )
which is derived from the sampling distribution of S Lror 20d
L
the prior distribution for Gérror by a usual application of the

Bayes' formula.
Then we get (2) by the definition of the psi-square distribution
introduced by Lecoutre (1981, 1984) and Rouanet & Lecoutre (1983).
This distribution can be characterized as follows:
if x|yt o yzxé(azfyz) and y? ~ (Xa/q)_1 then x? is distributed as
Y? with eccentricity a? and m and q degrees of freedom; it can be
shown that, if uzly2 “F (az/y*) and yZz ~ (X2/q)_1, then
el m,q q

m'm

given by:

q(az). Lastly, 1f xZn w; q(az), the density of x? is
£ 3
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/ a
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Tixe) X ) \gtar bz
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XL e | — — —1
it L ,m \ “(gta?4x? )2/
j=0 - F+3 :
L

this predictive distribution.

b
More precisely, the data will be declared compatible with this

contrary, the data will be declared non compatible with this
predictive distribution ("significant result') if SS bs lies in a
- o
. ] . [ 2y »
unexpected region, that is, if, under H,, P{83 >S5 s?2)<a.
P s ’ ’ ’ °? effect obs!

It is easy to see that, in the particular case o% =0, where

of the standard semi~Bayesian significance test coincide with the

ones of the usual F-test, since one can deduce from (2):

- -1 . 2 —~2 w2 %lrz 2 .2 13
Under H,: Oeffect J%, F|s mwm’q(kOo/bb ) (4)
with, in the particular case ¢% =0
1
Under H,: o2 = 2o —gz (0) v F (4"
HESt Hot Toffect 0, Fls? Hlvm,q\O) m,q (4')

4. FURTHER IMPROVEMENTS
OF THE SEMI-BAYESIAN SIGNIFICANCE TEST

In addition to the possibility, illustrated in the preceding
Section, of testing any point hypothesis for Oiffectj the semi-
Bayesian significance test allows us to remove many limitations
inherent in the usual significance tests. Still for the case of
the univariate analysis of variance, two major improvements of the

semi-Bayesian significance test will be illustrated hereafter.



41UV. 59 19 Jdliual y cUlU

LOWHT Uautcul AL .

THE SEMI-BAYESIAN SIGNIFICANCE TEST 2443

Incorporating other sources of information. There is obviously no

necessity to restrict semi-Bayesian significance testing to the two

T

extreme cases usually distinguished in the sampliing theory: ©

el

error
S

ta. The solution

i

ce one can incorporate

by choosing an

Oérror such that
12
S 7oA '\_1
52 Ay {yv?,
arror k g /a')
{(where the numerical coefficient k is introduced only for

reasons of convenience)

it
w

(5)

52+4q's'"?

. 2 -4
with w ey

This result can be obtained, as for the standard solution,

the distribution in (3) being remplaced by

w2 —1
02 182 A W' ( - I
error k "“q+q

-
(o}
—

It will be noted that, when q' =+ 0, one finds again, as a limiting

case, the standard semi-Bayesian significance test given by (

Random effect models. An other example of improvement brought by

semi-Bayesian significance testing pertains to the case where two

(or more) nuisance parameters are functionally related. Such a

situation typically occurs in 'random effect models': in these
models the variance Oérror is divided into two or more additive

components. As an illustration, let us assume that, in addition of
the two SS and SS statistics, we have an additional
effec error

1

e
et us say SS’
error

independent of the preceding ones, involves only one component,

+

statistic, , whose the sampling distribution,
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ror® of the two components of the total variance

More precisely, we have the independent sampling

g@
2]

5
error’
distributions:
58 . g /bot 3
effect "“Terror’
SS A ka2 2 {7)
error error’q
sg! ~v o kn? v 2
error error’p

ee statistics S8 , SS and SSé op 8¢ assumed

)
-

ucture o©

the problem.

For the semi-Bayesian significance test, such a situation
does not generate new conceptual difficulties; simply the
procedures will be technically more complex.

As an illustration, let us consider the standard solution
corresponding to the prior probability density p{o? S\

2
eEYTOor error

proportional teo 1/¢? n? , with the constraint
error error

o2 >n? . Then the standard semi-Bayesian significance test

error = error

of the null hypothesis Ho: o2 =0% is given by the predictive

effect
distribution for Sseffect’ conditional on s? and u?, the observed
value of MS' =8s* /q". This distribution can be
error error

characterized by its density:

o 2 = 2
Under H,: Geffect 0%,
1 )

p(SSeffectisZ,u?) ={ p(SSeffeCt‘E,sz,uz)p(elsz,u2)d€ (8)

. 2 .2 . Put*gs?e ., ko% (p+q)e
wvith 88 po o lesst,u v Bt e L Goaregsrey) (8.1)
. 1 112
2 y?) = ! et =g .

and p(e|s?,u?) v p(szEﬁ,p £) (0<e<1) (8.2)
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This result can be obtained from the distributions:

x2 (o3 /bo? )7

o

which is deduced from [7) taking into account the independence of

the sampling distributions,

s? -
ol 5}82,47 o (2 /a) l
error’ k g
ﬂnd 42 -
n2 |52 ,u2 v o (2 /p)
error’  ’ k "pt

“ the two distribubtions,

g? >n s
error ‘error’
apart from the constraint being independent)

which are derived by a usual application of the Bayes' formuls.

Then, after the change of variables ¢ = 1 Jo , one

’ ° error’ “errcr’

() &

obtains the distribution in (8.2} and
2 2~ -—
2 le,8’ n RUFAS {2 [{p+a)) L (0<e<!)
. 5 X ¥ Lue<t)
ervor’ ' kip+qle prg ¢

and, consequently, the distribution in (8.7).

It will be noted that the distribution in (8.1) is a central F
if o3 =0, and that it reduces to (2) for p=0.
Here again an other distribution that the noninformative one

could be considered for o2 and n? .
error error
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